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Abstract
We proceed to study Yang-Baxter deformations of the AdS5×S5 superstring with
the classical Yang-Baxter equation. We make a general argument on the supercoset
construction and present a formula to describe the dilaton in terms of classical r-
matrices. The supercoset construction is explicitly performed for some classical r-
matrices and the full backgrounds including the Ramond-Ramond (R-R) sector and
dilaton are derived. Within the class of abelian r-matrices, the perfect agreement
is shown for well-known examples including gravity duals of non-commutative gauge
theories, γ-deformations of S5 and Schro¨dinger spacetimes. It is remarkable that the
supercoset construction works well, even if the resulting backgrounds are not maximally
supersymmetric. In particular, three-parameter γ-deformations of S5 and Schro¨dinger
spacetimes do not preserve any supersymmetries. As for non-abelian r-matrices, we
will focus upon a specific example. The resulting background does not satisfy the
equation of motion of the Neveu-Schwarz-Neveu-Schwarz (NS-NS) two-form because
the R-R three-form is not closed.
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1 Introduction
The Yang-Baxter deformation [1] is a systematic way to study integrable deformations of
non-linear sigma models in two dimensions. Given a classical r-matrix satisfying the classical
Yang-Baxter equation (CYBE), an integrable deformation is determined and the associated
Lax pair follows automatically. This correspondence between a deformed geometry and
a classical r-matrixindicates a profound connection between a differential geometry and a
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finite-size matrix. Hence it is significant to make the understanding of the Yang-Baxter
deformation much deeper from the viewpoints of theoretical physics and pure mathematics.
The Yang-Baxter deformation was originally invented for principal chiral models with the
modified classical Yang-Baxter equation (mCYBE). Now that it is generalized to symmetric
cosets [2] and the homogeneous CYBE [3], one can study Yang-Baxter deformations of
symmetric coset sigma models with a lot of examples of classical r-matrices. For the related
affine algebras, see the series of works [4–6].
The most interesting coset sigma model is type IIB string theory on AdS5×S5 in the
context of the anti-de Sitter/conformal field theory (AdS/CFT) correspondence [7]. The
classical string action has been constructed in the Green-Schwarz formulation based on a
supercoset [8]
PSU(2, 2|4)
SO(1, 4)× SO(5) .
This coset enjoys the Z4-grading property and ensures classical integrability [9] (for a nice
review, see [10]). The integrability plays an important role in checking the conjectured
relation in AdS/CFT (for a comprehensive review, see [11]).
By employing the Yang-Baxter deformation, Delduc, Magro and Vicedo constructed the
classical action of a q-deformed AdS5×S5 superstring [12]. This deformation comes from
the classical r-matrix of Drinfel’d-Jimbo type satisfying the mCYBE [13]. The string-frame
metric and Neveu-Schwarz-Neveu-Schwarz (NS-NS) two-form were derived by Arutyunov,
Borsato and Frolov [14]. Then they performed the supercoset construction and derived the
remaining sector [15] (for earlier attempts, see [16, 17]). As a result, the full background
does not satisfy the equations of motion of type IIB supergravity, although it is related
to a complete solution [18] via T-dualities apart from the dilaton part. In particular, the
dilaton cannot be separated so that the Ramond-Ramond (R-R) flux should satisfy the
Bianchi identity. Recently, Arutyunov et al. proposed an exciting conjecture that type IIB
supergravity itself would get deformed, for example, the definition of R-R field strength
may be modified [19]. This “modified gravity conjecture” may be connected to our result
presented here.
One may also consider Yang-Baxter deformations of the AdS5×S5 superstring with clas-
sical r-matrices satisfying the homogeneous CYBE [20]. A strong advantage in this case is
that partial deformations of AdS5×S5 are possible. In fact, for well-known backgrounds in-
cluding gravity duals of noncommutative gauge theories [21,22], γ-deformations of S5 [23,24],
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Schro¨dinger spacetimes [25], the associated classical r-matrices have been identified in a se-
ries of works [26–32] (for short summaries, see [33]). However, the analysis has been limited
to the bosonic sector so far, and it is still necessary to confirm the R-R sector and dilaton
by performing the supercoset construction explicitly.
The goal of this present work is to perform the supercoset construction and present the
resulting backgrounds for some classical r-matrices. We will first give a general treatment
basically by following the seminal paper by Arutyunov, Borsato and Frolov [15]. Then we
derive the backgrounds for some classical r-matrices. As a byproduct, we present the master
formula to describe the dilaton in terms of classical r-matrices.
Within the class of abelian classical r-matrices, the perfect agreement is shown for
well-known examples including gravity duals of non-commutative gauge theories [21, 22],
γ-deformations of S5 [23,24], and Schro¨dinger spacetimes [25]. It is worth noting that the su-
percoset construction works well, even though the resulting backgrounds are not maximally
supersymmetric. More strikingly, three-parameter γ-deformations of S5 and Schro¨dinger
spacetimes do not preserve any supersymmetries [25]. Hence it seems likely that the su-
percoset construction works well with the class of the abelian classical r-matrices. It is
consistent with the interpretation as TsT transformations [6, 24, 32, 34–36].
As for non-abelian classical r-matrices, we will focus on a specific example discussed
in [29, 30]. The resulting background does not satisfy the equation of motion of the NS-NS
two-form because the Bianchi identity of the R-R three-form is broken, namely the field
strength is not closed. It is also remarkable that this background is different from the one
proposed in [29, 30] and hence the identification made in [29, 30] was not correct. Anyway,
this result indicates that there would be some potential problems in the non-abelian cases.
This is really intriguing but just an example. It is of importance to study extensively other
non-abelian r-matrices.
This paper is organized as follows. Section 2 introduces the classical action of Yang-
Baxter deformed AdS5×S5 superstring based on the CYBE. In Sect. 3, we discuss the su-
percoset construction, by following the procedure of [15]. Most of the argument does not
rely on specific expressions of classical r-matrices and is quite general. We present the con-
jectured master formula to describe the dilaton in terms of classical r-matrices. In Sect. 4,
we present the resulting backgrounds for concrete examples of classical r-matrices. Section
5 is devoted to the conclusion and discussion. Appendix A provides a matrix representation
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of the superalgebra su(2, 2|4).
2 Yang-Baxter deformed AdS5×S5 superstring
In this section, we give a short introduction to the classical action of Yang-Baxter deformed
AdS5×S5 superstring based on the homogeneous CYBE [20]. This construction basically
follows from the work with the mCYBE [12].
The deformed classical action of the AdS5×S5 superstring is given by
S = −
√
λc
4
∫ ∞
−∞
dτ
∫ 2π
0
dσ (γab − ǫab) STr
[
Aa d ◦ 1
1− ηRg ◦ d(Ab)
]
, (2.1)
where the left-invariant one-form Aa is defined as
Aa ≡ −g−1∂ag , g ∈ SU(2, 2|4) (2.2)
with the world-sheet index a = (τ, σ). Here, the conformal gauge is supposed and the
world-sheet metric is taken to be the diagonal form γab = diag(−1,+1). Hence there is
no coupling of the dilaton to the world-sheet scalar curvature. The anti-symmetric tensor
ǫab is normalized as ǫτσ = +1. The constant λc in front of the action (2.1) is the ’t Hooft
coupling. The deformation is measured by a constant parameter η, and the undeformed
AdS5×S5 action [8] is reproduced when η = 0.
A key ingredient in Yang-Baxter deformations is the operator Rg defined as
Rg(X) ≡ g−1R(gXg−1)g , X ∈ su(2, 2|4) , (2.3)
where a linear operator R : su(2, 2|4)→ su(2, 2|4) is a solution of the CYBE1,
[R(X), R(Y )]−R([R(X), Y ] + [X,R(Y )]) = 0 . (2.4)
This R-operator is connected to a skew-symmetric classical r-matrix in the tensorial notation
through the following formula:
R(X) = STr2[r(1⊗X)] =
∑
i
(ai STr[biX ]− bi STr[aiX ]) . (2.5)
1 In the original work [20], a wider class of R-operators is argued and their image is given by gl(4|4). The
gl(4|4) image is restricted on su(2, 2|4) under the coset projection d, as pointed out in [31].
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Here, r is represented by
r =
∑
i
ai ∧ bi ≡
∑
i
(ai ⊗ bi − bi ⊗ ai) with ai, bi ∈ su(2, 2|4) . (2.6)
The projection operator d is defined as
d ≡ P1 + 2P2 − P3 , (2.7)
where Pℓ (ℓ = 0, 1, 2, 3) are projections to the Z4-graded components of su(2, 2|4). In partic-
ular, P0(su(2, 2|4)) is a local symmetry of the classical action, so(1, 4)⊕so(5). The numerical
coefficients in the linear combination (2.7) are fixed by requiring kappa symmetry [8, 20].
3 Supercoset construction
In this section, we shall consider the supercoset construction, starting from the deformed
action (2.1). The following argument will be undertaken without fixing a specific expression
of classical r-matrices and hence will be quite general. Our purpose here is to extract the
R-R fluxes and dilaton, and hence we will investigate the deformed action at the quadratic
level of fermions.
3.1 The su(2, 2|4) superalgebra
For the subsequent argument, it is necessary to determine our convention and notation for
the su(2, 2|4) superalgebra. Hereafter, we will work with the following algebra [8]:
[Pmˇ,Pnˇ] = Jmˇnˇ , [Pmˆ,Pnˆ] = −Jmˆnˆ ,
[Pmˇ,Jnˇpˇ] = ηmˇnˇPpˇ − ηmˇpˇPnˇ , [Pmˆ,Jnˆpˆ] = ηmˆnˆPpˆ − ηmˆpˆPnˆ ,
[Jmˇnˇ,Jpˇqˇ] = ηnˇpˇ Jmˇqˇ + (3 terms) , [Jmˆnˆ,Jpˆqˆ] = ηnˆpˆ Jmˆqˆ + (3 terms) ,[
QI ,Pmˇ
]
= − i
2
ǫIJ QJγmˇ ,
[
QI ,Pmˆ
]
=
1
2
ǫIJ QJγmˆ ,[
QI ,Jmˇnˇ
]
= −1
2
δIJ QJγmˇnˇ ,
[
QI ,Jmˆnˆ
]
= −1
2
δIJ QJγmˆnˆ ,{
(Qαˇαˆ)I , (Qβˇβˆ)J
}
= δIJ
[
iK αˇγˇK αˆβˆ(γmˇ)γˇ
βˇ
Pmˇ −K αˇβˇK αˆγˆ(γmˆ) βˆγˆ Pmˆ −
i
2
K αˇβˇK αˆβˆ 18
]
−1
2
ǫIJ
[
K αˇγˇK αˆβˆ(γmˇnˇ)γˇ
βˇ
Jmˇnˇ −K αˇβˇK αˆγˆ(γmˆnˆ) βˆγˆ Jmˆnˆ
]
. (3.1)
The generators Pm are translations and the index m = (mˇ, mˆ) (mˇ = 0, . . . , 4; mˆ = 5, . . . , 9)
describes the ten-dimensional spacetime, where the indices mˇ and mˆ are for AdS5 and
5
S5, respectively. Then Jmˇnˇ and Jmˆnˆ describe rotations in AdS5 and S
5, respectively. The
supercharges QI (I = 1, 2) are written as QI = (Qαˇαˆ)I (αˇ = 1, . . . , 4; αˆ = 1, . . . , 4). The
antisymmetric tensor ǫIJ (I, J = 1, 2) is normalized as ǫ12 = +1. The constant matrices K αˇβˇ
and K αˆβˆ are charge conjugation matrices in AdS5 and S
5, respectively.
3.2 A group parametrization and the left-invariant current
Then let us introduce a parametrization of the group element g ∈ SU(2, 2|4) as follows:
g = gb gf . (3.2)
Herred, gb is a bosonic element and parametrized with an appropriate coordinate system,
depending on the backgrounds we are concerned with, as in the previous works [26–28]. We
assume that the bosonic element is parametrized as
gb = gb
AdS5 gb
S5 ,
gb
AdS5 = exp
[
x0 P0 + x
1 P1 + x
2 P2 + x
3 P3
]
exp
[
(log z)D
]
,
gb
S5 = exp
[ i
2
(φ1 h1 + φ2 h2 + φ3 h3)
]
exp
[
ζ J68
]
exp
[
−i rP6
]
. (3.3)
Note here that the translations Pµ , the dilatation D and the Cartan generators of su(4)
hi (i = 1, 2, 3) are embedded into 8× 8 matrices as Pµ 04
04 04
 ,
 D 04
04 04
 ,
 04 04
04 hi
 . (3.4)
The coordinates xµ and z describe the Poincare´ AdS5, and r, ζ, φi=1,2,3 parametrize the
round S5. Then gf is a group element generated by the supercharges as follows:
gf = exp(Q
IθI) (I = 1, 2) ,
where QIθI ≡ (Qαˇαˆ)I (θαˇαˆ)I (αˇ = 1, . . . , 4; αˆ = 1, . . . , 4) . (3.5)
Here, θI = (θαˇαˆ)I are Grassmann-odd coordinates and correspond to a couple of 16-component
Majorana-Weyl spinors satisfying the Majorana condition:
θ¯I ≡ θ†Iγ0 = tθI(K ⊗K) . (3.6)
Then the left-invariant one-form A can be expanded as [8]
A = (em +
i
2
θ¯Iγ
mDIJθJ )Pm −QI DIJθJ + 1
2
ωmn Jmn
6
−1
4
ǫIJ θ¯I(γ
mˇnˇ Jmˇnˇ − γmˆnˆ Jmˆnˆ)DJKθK , (3.7)
where the covariant derivative for θ is defined as
DIJθJ = δ
IJ
(
dθJ − 1
4
ωmnγmnθJ
)
+
i
2
ǫIJ em γmθJ . (3.8)
Here, the last term represents the contribution of the R-R five-form field strength.
For later convenience, it is helpful to rearrange the above expansion of A with respect to
the order of θ as follows:
A = A(0) + A(1) + A(2) .
Here, A(p) is the p-th order of θ and the explicit expressions of A(p) are given by
A(0) = e
mPm +
1
2
ωmn Jmn ,
A(1) = −QI DIJ θJ ,
A(2) =
i
2
θ¯Iγ
mDIJθJ Pm − 1
4
ǫIJ θ¯I(γ
mˇnˇ Jmˇnˇ − γmˆnˆ Jmˆnˆ)DJKθK . (3.9)
Thus we have prepared to write down the undeformed action of the AdS5×S5 superstring at
the quadratic order of θ.
3.3 Decomposing the deformation operator
In the case of the deformed action (2.1), it is further necessary to expand the deformation
operator in terms of θ, because Rg contains the adjoint operation with g as denoted in (2.3).
We will basically follow the strategy of [15] hereafter.
Let us introduce the following operator O and expand it in terms of θ as
O ≡ 1− ηRg ◦ d
= O(0) +O(1) +O(2) +O(θ3) . (3.10)
Then the inverse operator Oinv can also be expanded as
Oinv ≡ 1
1− ηRg ◦ d
= Oinv(0) +Oinv(1) +Oinv(2) +O(θ3) . (3.11)
Here, due to the relation O ◦ Oinv = 1, each of the components Oinv(p) (p = 0, 1, 2) can be
expressed as follows:
Oinv(0) =
1
1− ηRgb ◦ d
,
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Oinv(1) = −Oinv(0) ◦ O(1) ◦ Oinv(0) ,
Oinv(2) = −Oinv(0) ◦ O(2) ◦ Oinv(0) −Oinv(1) ◦ O(1) ◦ Oinv(0) . (3.12)
In the following, for simplicity, we will concentrate only on the bosonic deformations2
generated by bosonic generators ai, bi like
ai , bi ∈ su(2, 2)⊕ su(4) . (3.13)
Then the action of Rgb ◦ d can be evaluated as
Rgb ◦ d(Pm) = 2
(
λm
nPn +
1
2
λm
npJnp
)
,
Rgb ◦ d(Jmn) = 0 , Rgb ◦ d(QI) = 0 . (3.14)
Here, from the relation in (2.5), λ nm and λ
np
m are expressed as
λm
n ≡ (agbi )n (bgbi )m − (bgbi )n (agbi )m ,
λm
np ≡ (agbi )np (bgbi )m − (bgbi )np (agbi )m , (3.15)
where (agbi )
m, (agbi )
mn, (bgbi )
m and (bgbi )
mn are defined as
agbi ≡ g−1b ai gb = (agbi )mPm +
1
2
(agbi )
mn Jmn ,
bgbi ≡ g−1b bi gb = (agbi )mPm +
1
2
(bgbi )
mn Jmn . (3.16)
Now the action of Oinv(0) , Oinv(1) and Oinv(2) can be examined as follows.
The action of Oinv(0) is given by
Oinv(0) (Pm) ≡ kmnPn +
1
2
lm
np Jnp ,
Oinv(0) (Jmn) = Jmn , Oinv(0) (QI) = QI , (3.17)
where km
n is determined by the following relation:
km
n = (δ − 2ηλ)−1mn . (3.18)
When η = 0, km
n is reduced to δm
n. Here we have not displayed the explicit form of lm
np,
because it does not appear in the final expression due to the presence of the projection
operators.
2It would also be interesting to consider fermionic deformations. For such an attempt, see [20].
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Then the action of Oinv(1) is written as
Oinv(1) (Pm) = iǫIJkmnηλnpQJ γpθI +
1
2
δIJkm
nηλn
pq QJ γpqθI ,
Oinv(1) (Jmn) = 0 ,
Oinv(1) (QI) = iσIJ3 kmpηλnm θ¯JγnPp +
1
2
σIJ1 km
qηλm,np θ¯JγnpPq + terms with J . (3.19)
Here, the terms proportional to Jmn are not explicitly written down because they do not
contribute to the final expression.
Finally, the action of Oinv(2) is evaluated as
Oinv(2) (Pm) = θ¯I
[
δIJ(MPδ(2))mn + ǫIJ(MPǫ(2))mn + σIJ1 (MPσ1(2) )m
n
+ σIJ3 (MPσ3(2) )m
n
]
θJ Pn
+ terms with J ,
Oinv(2) (Jmn) = 0 , Oinv(2) (QI) = irrelevant terms , (3.20)
where MPδ(2), MPǫ(2), MPσ1(2) , and MPσ3(2) are defined as
(MPδ(2))m
n ≡ − i
4
[
(kr
nγr)(km
sηλs
pqγpq)− (krnηλr, pqγpq)(kmsγs)
]
,
(MPǫ(2))mn ≡ −
1
2
[
(kp
nγp)(km
sηλs
qγq)− (kpnηλpqγq)(kmsγs)
]
,
(MPσ1(2) )m
n ≡ (ksnηλrsγr)(kmqηλqpγp) + 1
4
(ks
nηλs ,rtγrt)(km
uηλu
pqγpq) ,
(MPσ3(2) )m
n ≡ i
2
[
(ks
nηλrsγr)(km
tηλt
pqγpq) + (ks
nηλs ,rtγrt)(km
qηλq
pγp)
]
. (3.21)
Here, the terms proportional to Jmn have not been written down on the same reasoning.
Furthermore, the explicit expression of Oinv(2) (QI) is not necessary for our argument because
it always leads to higher-order contributions with O(θ4) in the resulting Lagrangian.
Next is to evaluate the Lagrangian using the formulae obtained above.
3.4 The deformed Lagrangian at order θ2
Let us now examine the deformed action at the second order of θ.
Now the Lagrangian in (2.1) can be rewritten as
L = −
√
λc
4
(
γab − ǫab) STr [d˜(Aa)Oinv(Ab)] , (3.22)
where d˜ is defined as
d˜ ≡ −P1 + 2P2 + P3 . (3.23)
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This Lagrangian can be expanded in terms of θ as
L = L(0) + L(2,0,0) + L(0,0,2) + L(1,1,0) + L(0,1,1) + L(0,2,0) + L(1,0,1) +O(θ4) . (3.24)
Here, L(0) does not include any θ. The second-order term L(l,m,n) contains two θs. The set of
subscripts (l, m, n) indicates the numbers of θ included in d˜(Aa), Oinv and Ab, respectively.
For example, in the case of L(2,0,0), the two θs are included in d˜(Aa), and there is no θ in
Oinv and Ab. That is, L(2,0,0) is given by
L(2,0,0) = −
√
λc
4
(
γab − ǫab) STr [d˜((A(2))a)Oinv(0) ((A(0))b)] . (3.25)
In the following, let us see each term of the expansion (3.24). The first one is L(0) and
does not contain any fermions. This can be rewritten into the standard form as follows:
L(0) = −
√
λc
4
(γab − ǫab) STr
[
d˜((A(0))a)Oinv(0) ((A(0))b)
]
= −
√
λc
2
(γab − ǫab) ema enb knm
= −
√
λc
2
[
γabemµ e
n
ν k(mn) ∂aX
µ∂bX
ν − ǫabemµ enν k[nm] ∂aXµ∂bXν
]
. (3.26)
Here we have used the relation ema = e
m
µ ∂aX
µ, and the Xµs are the target-spacetime coor-
dinates. The last expression (3.26) should be compared with the standard bosonic string
action
Lb = −
√
λc
2
[
γab G˜MN ∂aX
M∂bX
N − ǫabBMN ∂aXM∂bXN
]
(3.27)
with the spacetime metric G˜ and NS-NS two-form B. Then one can obtain the following
relations:
G˜MN ≡ emMenN k(mn) = e˜mM e˜mN ,
BMN ≡ emMenN k[nm] . (3.28)
Here we have introduced the vielbeins e˜mM for the deformed metric for our later convenience.
Note that the index M is raised and lowered by G˜MN and G˜MN , respectively.
Then let us evaluate the combination L(2,0,0) + L(0,0,2). From the point of view of sym-
metry, this combination is convenient and can be evaluated as
L(2,0,0) + L(0,0,2)
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= −
√
λc
4
(γab − ǫab) STr[iθ¯IγmDIJa θJ Pm enb knpPp + iema Pm θ¯IγnDIJb θJ knpPp]
= −i
√
λc
4
(γab − ǫab) θ¯I
(
enb knmγ
mDIJa + e
m
a knmγ
nDIJb
)
θJ . (3.29)
By the same reasoning, it is helpful to evaluate the combination L(1,1,0) + L(0,1,1). The
resulting expression is given by
L(1,1,0) + L(0,1,1) (3.30)
= −
√
λc
4
(γab − ǫab) STr[σIJ3 QJDIKa θKOinv(1) (emb Pm) + 2ema PmOinv(1) (−QIDIJb θJ )]
= −
√
λc
2
(γab − ǫab) θ¯I
[
iηλn
pγpσ
IJ
3 −
1
2
ηλn
pqγpqσ
IJ
1
] (
emb km
nDJKa + e
m
a k
n
mD
JK
b
)
θK .
Finally, L(0,2,0) and L(1,0,1) are evaluated as, respectively,
L(0,2,0) = −
√
λc
4
(γab − ǫab) STr [2ema PmOinv(2) (enbPn)]
= −
√
λc
2
(γab − ǫab) ema enb θ¯I
[
ǫIJ(MPǫ(2))nm + δIJ(MPδ(2))nm
+σIJ1 (MPσ1(2) )nm + σIJ3 (MPσ3(2) )nm
]
θJ , (3.31)
L(1,0,1) = −
√
λc
4
(γab − ǫab) STr [σIJ3 QJDIKa θK(−QLDLMb )θM]
= −i
√
λc
2
ǫabσIJ3 θ¯Ie
m
a γmD
JK
b θK . (3.32)
So far, we have derived the deformed Lagrangian at the quadratic level of θ. However,
the resulting sum of the components evaluated above is quite intricate and we still need to
recast it into the canonical form via coordinate transformations.
3.5 The canonical form of the Lagrangian
Here, let us perform coordinate transformations in order to realize the canonical form of the
Lagrangian. This process is mainly composed of two steps, 1) the shift of X and 2) the
rotation of θ.
3.5.1 The canonical form
First of all, let us present the canonical form of the Lagrangian at order θ2 [37]:
L(θ2) = −
√
λc
2
iΘ¯I(γ
abδIJ + ǫabσIJ3 ) e˜
m
a ΓmD˜
JK
b ΘK ,
11
D˜IJa = δ
IJ
(
∂a − 1
4
ω˜mna Γmn
)
+
1
8
σIJ3 e˜
m
a HmnpΓ
np
−1
8
eΦ
[
ǫIJΓpFp +
1
3!
σIJ1 Γ
pqrFpqr +
1
2 · 5!ǫ
IJΓpqrstFpqrst
]
e˜ma Γm . (3.33)
Here, the Γms are 32× 32 gamma matrices composed of γmˇ and γmˆ as follows:
Γmˇ = σ1 ⊗ γmˇ , Γmˆ = σ2 ⊗ γmˆ . (3.34)
Then Γm1...m2 is defined as
Γm1..mn ≡
1
n!
Γ[m1 ...Γmn] .
Now ΘI (I = 1, 2) are 32-component Majorana spinors defined as
ΘI ≡
 1
0
⊗ θI , Θ¯ ≡ Θ†Γ0 = ΘtC = ( 0 , 1 )⊗ θ¯I . (3.35)
Here, C is a charge conjugation matrix defined as
C ≡ i σ2 ⊗K ⊗K . (3.36)
The canonical Lagrangian (3.33) contains the dilaton Φ, the three-form field strength H3 =
dB2 (B2 : NS-NS two-form), the one-form field strength F1 = dχ (χ : axion or R-R scalar),
the three-form field strength F3 = dC2 (C2 : R-R two-form), and the five-form field strength
F5 = dC4 (C4 : R-R four-form). Thus, after rewriting the quadratic part of the Lagrangian
L in (3.24) into the canonical form, by comparing the resulting form with the canonical form
(3.33), one can read off the component fields of type IIB supergravity.
The remaining task is to rewrite the Lagrangian L expanded above by performing a shift
of X and a rotation of θ . We will explain each of the steps below.
3.5.2 Shift of X
Let us see the terms with γab∂bθ in L. The relevant parts are
(a) Lγ(2,0,0) + Lγ(0,0,2) and (b) Lγ(1,1,0) + Lγ(0,1,1) .
One can realize that the terms should appear with δIJ from the expression of the canonical
form (3.33). There is no obstacle for (a), however (b) involves terms like
√
λc
2
θ¯I γ
ab σIJ1 e
m
a k(mn)η λ
n ,pqγpq∂bθJ . (3.37)
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Such terms do not appear in the canonical form (3.33) and hence must be removed somehow.
A possible resolution is to shift X as [15]
Xµ −→ Xµ + θ¯IδXµ IJθJ , δXµ IJ ≡ 1
4
σIJ1 e
nµ η λn
pqγpq . (3.38)
While this shift removes the problematic terms, it generates additional ones:
−
√
λc
2
iθ¯I γ
abδIJ
[
− i
2
σJK1 e
m
a e
n
N k(mn)∂b(e
nN η λn
pqγpq)
− i
4
σJK1 ∂P G˜MN∂aX
M ∂bX
N enP η λn
pqγpq
]
θK . (3.39)
Note here that these terms do not involve derivatives of θ.
At this stage, the quadratic Lagrangian including γab is written down as
Lγ = −i
√
λc
2
γabδIJ θ¯I
[
epa k(pn) (η
nm − (−1)J2ηλnm)γmDJKb
+
1
2
σJK3 e
m
a k(mn)ηλ
n, pqγpq e
r
b γr −
1
4
δJK ema knm
(
ηnp − (−1)J 2η λnp) γp eqbkqr η λrst γst
+
1
4
δJK ema kmn η λ
n, pq γpq e
r
b krs
(
ηst − (−1)J 2η λst) γt
+
i
2
ǫJKema knm
(
ηnp − (−1)J 2η λnp) γp eqb kqr η λrs γs
− i
4
σJK1 e
m
a k(mn) η λ
n, pq γpq ω
rs
b γrs −
i
2
ǫJK ema knm η λ
np γp e
q
b kq
r γr
− i
4
σJK1 e
m
a knm η λ
n,pq γpq e
r
b kr
s η λs
tu γtu − i
2
σJK1 e
m
a e
n
M k(mn) ∂b
(
ep,M η λp
qr γqr
)
− i
4
σJK1 ∂P G˜MN∂aX
M ∂bX
N em,P η λm
np γnp
]
θK . (3.40)
The next step is to see the terms with ǫab∂bθ in L. This part has the terms involving σIJ1
as well. Fortunately, the sift of X in (3.38) can eliminate the problematic terms simultane-
ously, while some additional terms including ǫab are again generated. Then the quadratic
Lagrangian including ǫab is written down as
Lǫ = −i
√
λc
2
ǫab θ¯I
[(
δIJ ema k[mn] γ
n + σIJ3
[
ema k[mn] 2 η λ
np γp + e
m
a γm)
])
DJKb
+i σIJ1 e
m
a k[mn] η λ
n ,pq γpq
(
−1
4
δJK ωrsb γrs +
i
2
ǫJKerb γr
)
+
1
4
δIKema knm
(
ηnp − (−1)I 2η λnp) γp eqbkqr η λrst γst
−1
4
δIK ema kmn η λ
n, pq γpq e
r
b krs
(
ηst − (−1)I 2η λst) γt
13
− i
2
ǫIKema knm
(
ηnp − (−1)I 2η λnp) γp eqb kqr η λrs γs
+
i
2
ǫIK ema knm η λ
np γp e
q
b kq
r γr +
i
4
σIK1 e
m
a knm η λ
n,pq γpq e
r
b kr
s η λs
tu γtu
+
i
2
σIK1 BMN∂aX
M ∂b
(
enN η λn
pq
)
γpq
+
i
4
σIK1 ∂PBMN∂aX
M∂bX
NenPηλn
pqγpq
]
θK . (3.41)
For the next step, it is convenient to switch from the 16 × 16 gamma matrices γ to the
32× 32 ones Γ, and hence we will work in the 32× 32 notation in the following. The lift-up
rule is summarized in Appendix A, and it is straightforward to rewrite the Lagrangian.
3.5.3 Rotation of θ
After shifting X , the resulting derivative terms of θ take the following form:
−
√
λc
2
iΘ¯I γ
abδIJ e˜(I)
m
a Γm∂bΘJ . (3.42)
Here, the vielbeins3 e˜(I)
m
a are defined as
e˜(I)
m
a ≡ epa k(pn)
[
ηnm − (−1)I2ηλnm
]
(3.43)
and depend on the index I. Hence we need to perform a Lorentz transformation for the
spinor θ to remove the I dependence.
The first step is to determine the I-independent form of the vielbeins as a reference frame.
Hereafter, it is fixed by taking I = 1 in (3.43) as
e˜ma = e
p
a k(pn)
[
ηnm + 2ηλnm
]
. (3.44)
Then, by performing a Lorentz transformation for θ, this term can be rewritten as
Θ¯I e˜(I)
m
a U¯(I)Γm U(I)∂bΘI + (the derivative term of U)
= Θ¯I e˜(I)
m
a Λ(I)m
nΓn ∂bΘI + (the derivative term of U) . (3.45)
Note that the Lorentz transformation performed here depends on the index I.
3 Note that e˜(I)
m
a satisfy the relation
e˜(I)
m
a e˜(I)bm = e
m
a e
n
b k(mn) = G˜µν∂aX
µ∂bX
ν (for I = 1 , 2) .
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In order to realize the I-independent form (3.44), the transformation Λ should be taken
as
Λ(I)m
n =
[
δm
p + (−1)I2ηλmp
]
(δ − 2ηλ)−1pn . (3.46)
Then the spinor transformation U(I) and its inverse U¯(I) have to be determined through the
following relation:
U¯(I)ΓmU(I) = Λ(I)m
nΓn . (3.47)
It seems difficult to present simple formulae of U(I) and U¯(I) that work for an “arbitrary”
classical r-matrix. As a matter of course, given an explicit expression of a classical r-matrix,
these quantities can be computed concretely.
However, at least for a simple class of classical r-matrices, we can propose the following
concise forms:
U(I) =
1
det(132 +
1
2
[1 + (−1)I ] ηλmnΓmn) 132
(
132 +
1
2
[
1 + (−1)I] ηλmnΓmn) ,
U¯(I) =
1
det(132 +
1
2
[1 + (−1)I ] ηλmnΓmn) 132
(
132 − 1
2
[
1 + (−1)I] ηλmnΓmn) . (3.48)
For example, these are valid for the examples presented in Sect. 4. It has not been definitely
clarified yet to what extent the formulae in (3.48) are valid. With our current techniques,
if the expressions in (3.48) do not satisfy the relation (3.47) for a given classical r-matrix,
then it is necessary to derive the concrete forms of U(I) and U¯(I) on a case-by-case basis.
After all this, we have obtained the canonical form of the Lagrangian. In the actual
derivation of R-R fluxes and the dilaton, we still need to use a concrete expression of a
classical r-matrix and computation software like Mathematica or Maple, at least at the
current level of understanding. We will present the resulting backgrounds for some example
classical r-matrices in Sect. 4.
3.6 The master formula for the dilaton
We propose the master formula for dilaton, in which the dilaton is described in terms of the
classical r-matrix directly. That is, just by putting the elements of the classical r-matrix, the
associated dilaton is obtained directly, without passing through the supercoset construction.
The formula is given by
eΦ =
1
det32(132 + η λmnΓmn)
1
32
15
=
1
det10(δ nm + 2 η λ
n
m )
1
2
, (3.49)
where detD means the determinant of a D×D matrix. Recall that λ nm , which is defined in
(3.15), is determined by putting the elements of the classical r-matrix. Although this formula
has not been proven and just a conjectured form, it works well for well-known examples,
including the examples discussed in Sect. 4.
Similar master formulae may be derived for other R-R fluxes, though we have not suc-
ceeded in deriving them yet. It is important to try to complete the master formulae and
directly check the on-shell condition of type IIB supergravity.
4 Examples
Let us consider some examples of classical r-matrices satisfying the homogeneous CYBE.
Then it is possible to complete the supercoset construction and derive the resulting back-
grounds.
For the following argument, let us introduce the terms “abelian” and “non-abelian”
classical r-matrices. Suppose that a classical r-matrix is given by r = a ∧ b. It is called
“abelian” when a and b commute with each other. If not, it is “non-abelian”.
4.1 Gravity duals of noncommutative gauge theories
Let us discuss gravity duals of noncommutative gauge theories as Yang-Baxter deformations
with the following classical r-matrix [27]:
r = P2 ∧ P3 . (4.1)
Here it is assumed that Pµ are naturally embedded into 8× 8 matrices like Pµ 04
04 04
 . (4.2)
This is an abelian classical r-matrix and satisfies the homogeneous CYBE.
The bosonic part has already been studied in [27], where the string-frame metric and
NS-NS two-form are reproduced with the r-matrix (4.1). The R-R sector and dilaton can
be determined by performing the supercoset construction.
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The supercoset construction can be carried out by following the general argument in
Sect. 3. In the present case, the key ingredient λmn is given by
λmn =
 λmˇnˇ 05
05 05
 , λmˇnˇ =

0 0 0 0 0
0 0 0 0 0
0 0 0 − z−2 0
0 0 z−2 0 0
0 0 0 0 0

. (4.3)
Then U(I) and U¯(I) are obtained by using the formulae in (3.48).
With the general argument in Sect. 3, one can read off the following background:
ds2 =
−(dx0)2 + (dx1)2
z2
+
z2 [(dx2)2 + (dx3)2]
z4 + 4η2
+
dz2
z2
+ ds2S5 ,
B2 =
2η
z4 + 4η2
dx2 ∧ dx3 ,
F3 =
8 η
z5
dx0 ∧ dx1 ∧ dz ,
F5 = 4
(
e2Φ ωAdS5 + ωS5
)
, Φ =
1
2
log
(
z4
z4 + 4η2
)
. (4.4)
This is nothing but the solution found in [21,22] as a gravity dual of noncommutative gauge
theories. Note that the dilaton can be reproduced by using the master formula (3.49) with
(4.3).
4.2 γ-deformations of S5
We shall discuss three-parameter γ-deformations of S5 with the following classical r-matrix
[26]:
r =
1
8
(ν3 h1 ∧ h2 + ν1 h2 ∧ h3 + ν2 h3 ∧ h1) . (4.5)
Here νi (i = 1, 2, 3) are real constant parameters, and ha (a = 1, 2, 3) are the Cartan
generators of su(4) embedded in 8× 8 matrices as the lower diagonal block (for their matrix
representation, see Appendix A). This is an abelian classical r-matrix and satisfies the CYBE.
The bosonic part has already been studied in [26]. The remaining task is to perform
supercoset construction in order to determine the R-R sector and dilaton.
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The quantities U(I) and U¯(I) are determined by
λmn =
 05 05
05 λmˆnˆ
 , λmˆnˆ =

0 0 −1
2
ν3 ρ1 ρ2 0
1
2
ν1 ρ2 ρ3
0 0 0 0 0
1
2
ν3 ρ1 ρ2 0 0 0 −12ν2 ρ3 ρ1
0 0 0 0 0
− 1
2
ν1 ρ2 ρ3 0
1
2
ν2 ρ3 ρ1 0 0

. (4.6)
Then, by following the general discussion, the full solution presented in [23, 24] can be
reproduced as
ds2 = ds2AdS5 +
3∑
i=1
(dρ2i +Gρ
2
i dφ
2
i ) +Gρ
2
1ρ
2
2ρ
2
3
(
3∑
i=1
γˆi dφi
)2
, (4.7)
B2 = G
(
γˆ3 ρ
2
1ρ
2
2 dφ1 ∧ dφ2 + γˆ1 ρ22ρ23 dφ2 ∧ dφ3 + γˆ2 ρ23ρ21 dφ3 ∧ dφ1
)
,
F3 = −4 sin3 α cosα sin θ cos θ
(
3∑
i=1
γˆi dφi
)
∧ dα ∧ dθ
F5 = 4 (ωAdS5 +GωS5) , Φ =
1
2
log G . (4.8)
Here we have introduced a scalar function G and γˆi (i = 1, 2, 3) defined as
G−1 ≡ 1 + γˆ23 ρ21ρ22 + γˆ21 ρ22ρ23 + γˆ22 ρ23ρ21 , γˆi ≡ ηνi . (4.9)
Three coordinates ρi satisfying the constraint
∑3
i=1 ρ
2
i = 1 are parametrized by two angle
variables α and θ through the relation:
ρ1 ≡ sinα cos θ , ρ2 ≡ sinα sin θ , ρ3 ≡ cosα . (4.10)
It should be remarked that the resulting background is non-supersymmetric other than
for exceptional cases like ν1 = ν2 = ν3. But the supercoset construction still works well.
Note that the dilaton can be reproduced by using the master formula (3.49) with (4.6).
4.3 Schro¨dinger spacetimes
Let us consider Schro¨dinger spacetimes by employing the following classical r-matrix [28]:
r =
i
4
P− ∧ (h1 + h2 + h3) . (4.11)
Here P− ≡ (P0 − P3)/
√
2 is a light-cone generator in su(2, 2), and h1, h2, h3 are the Cartan
generators in su(4) .
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Note here that the classical r-matrix (4.11) contains a tensor product of an su(2, 2)
generator and an su(4) one. Hence the rotation of θ should be a ten-dimensional Lorentz
transformation, and becomes intricate. The quantities U(I) and U¯(I) are given by, respectively,
λmn =
 05 λmˇnˆ
λmˆnˇ 05
 , λmˇnˆ =

sin r sin ζ
2
√
2z
0 sin r cos ζ
2
√
2z
0 cos r
2
√
2z
0 0 0 0 0
0 0 0 0 0
sin r sin ζ
2
√
2z
0 sin r cos ζ
2
√
2z
0 cos r
2
√
2z
0 0 0 0 0

. (4.12)
Note that λmˆnˇ can be obtained from λmˇnˆ, because λmn is anti-symmetric.
After all, the full solution [25] has been reproduced as
ds2 =
−2dx+dx− + (dx1)2 + (dx2)2 + dz2
z2
− η2 (dx
+)2
z4
+ ds2S5 ,
B2 =
η
z2
dx+ ∧ (dχ+ ω) ,
F5 = 4 (ωAdS5 + ωS5) , Φ = const., (4.13)
and the other fields are zero. Here, the light-cone coordinates are defined as
x± ≡ 1√
2
(x0 ± x3) .
The S5 metric is given by
ds2S5 = (dχ+ ω)
2 + ds2
CP2 ,
ds2
CP2 = dµ
2 + sin2 µ
(
Σ21 + Σ
2
2 + cos
2 µΣ23
)
. (4.14)
Namely, the round S5 is expressed as an S1-fibration over CP2, where χ is the fiber coordinate
and ω is a one-form potential of the Ka¨hler form on CP2. The symbols Σi (i = 1, 2, 3) and
ω are defined as
Σ1 =
1
2
(cosψ dθ + sinψ sin θ dφ) ,
Σ2 =
1
2
(sinψ dθ − cosψ sin θ dφ) ,
Σ3 =
1
2
(dψ + cos θ dφ) , ω = sin2 µΣ3 . (4.15)
It should be remarked that the R-R sector has not been deformed and the dilaton remains
constant, though the expression of the fermionic sector is very complicated in the middle
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of the computation. The cancellation of the deformation effect is really non-trivial. Note
also that the background (4.13) does not preserve any supersymmetries [25]. It may sound
surprising that the supercoset construction still works well without the help of supersymme-
tries.
The constant dilaton of this background can be reproduced by using the master formula
(3.49) with (4.12) as well.
4.4 A non-abelian classical r-matrix
So far, we have considered abelian classical r-matrices, for which it seems likely that super-
coset construction works well even though the resulting background is non-supersymmetric.
The next significant issue is to study non-abelian classical r-matrices.
As for non-abelian classical r-matrices, there is no well-known example of the associated
background. A nice candidate for non-abelian classical r-matrices is given by
r =
1√
2
E24 ∧ (c1E22 − c2E44)
[
(Eij)kl ≡ δik δjl
]
= −1
2
P− ∧
[
c1 + c2
2
(D − L03) + i c1 − c2
2
(
L12 − i
2
14
)]
. (4.16)
Note here that 14 is included in the expression and hence the image is extended from su(2, 2|4)
to gl(4|4). However, it can be ignored due to the presence of the projection operator in the
classical action as pointed out in [31].
To ensure that the resulting metric and NS-NS two-form are real, it is necessary to impose
the reality condition [30]
c2 = c
∗
1 . (4.17)
It is now convenient to introduce a1, a2 as follows:
a1 ≡ c1 + c2
2
= Re(c1) , a2 ≡ ic1 − c2
2
= −Im(c1) . (4.18)
Note here that the classical r-matrix (4.16) is non-abelian in general. The case that c1 is
pure imaginary (i.e., a1 = 0) is exceptional and it becomes abelian.
The bosonic part has already been studied well [29–31], and the remaining task is to
determine the R-R sector and dilaton by performing supercoset construction. The quantities
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U(I) and U¯(I) are obtained by using
λmn =
 λmˇnˇ 05
05 05
 ,
λmˇnˇ =
1
2
√
2

0 −a1 x1+a2 x2
z2
a2 x
1−a1 x2
z2
0 −a1
z
a1 x
1+a2 x2
z2
0 0 a1 x
1+a2 x2
z2
0
a1 x
2−a2 x1
z2
0 0 a1 x
2−a2 x1
x2
0
0 −a1 x1+a2 x2
x2
a2 x
1−a1 x2
z2
0 −a1
z
a1
z
0 0 a1
z
0

. (4.19)
After all this, one can read off the resulting background:4
ds2 =
−2dx+dx− + dρ2 + ρ2dφ2 + dz2
z2
− η2
[
(a21 + a
2
2)
ρ2
z6
+
a21
z4
]
(dx+)2 + ds2S5 ,
B2 = η
[
a1x
1 + a2x
2
z4
dx+ ∧ dx1 + a1x
2 − a2x1
z4
dx+ ∧ dx2 + a1 1
z3
dx+ ∧ dz
]
,
F3 = 4η
[
a2x
1 − a1x2
z5
dx+ ∧ dx1 ∧ dz + a1x
1 + a2x
2
z5
dx+ ∧ dx2 ∧ dz + a1
z4
dx+ ∧ dx1 ∧ dx2
]
,
F5 = 4 (ωAdS5 + ωS5) , Φ = const ., (4.20)
and the other components are zero. Here the light-cone coordinates are defined in the same
way as the previous section. Notice that the background (4.20) does not satisfy the equation
of motion of B2 because the Bianchi identity for F3 is broken, namely
dF3 = 16η
a1
z5
dx+ ∧ dx1 ∧ dx2 ∧ dz 6= 0 .
Thus the classical r-matrix (4.16) does not lead to a solution of type IIB supergravity.
It is worth noting that the pathology vanishes when a1 = 0. This is an exceptional case
in which the classical r-matrix becomes abelian and the background (4.20) is reduced to the
Hubeny-Rangamani-Ross solution [38]. This correspondence was originally argued in [30]
and elaborated in [31]. Note here that the constant dilaton can be reproduced by using the
master formula (3.49) with (4.19) again.
It would be valuable to see that the background (4.20) is different from the one con-
structed in [29]. The former (4.20) does not contain the R-R fluxes with the S5 indices,
4As another possibility, one may take a non-constant dilaton Φ = log z so as to respect the Bianchi
identity dF3 = 0. But in this case the dilaton does not satisfy the equations of motion for the dilaton as well
as for other components.
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while the latter does. It was conjectured in [29,30] that the classical r-matrix (4.16) should
be associated with the latter, but it was not correct. Our supercoset construction has re-
vealed that the classical r-matrix (4.16) should be associated with the background (4.20).
The result that the Bianchi identity is broken is similar to the q-deformed AdS5×S5 [15].
In fact, the background (4.20) satisfies the generalized type IIB supergravity equations of
motion proposed in [19]. Detailed analysis will be presented in a future paper [39].
5 Conclusion and discussion
In this paper, we have discussed the supercoset construction in the Yang-Baxter deformed
AdS5×S5 superstring based on the homogeneous CYBE. We have made a general argu-
ment without relying on specific expressions of classical r-matrices. In particular, we have
presented the master formula to describe the dilaton in terms of classical r-matrices. The ul-
timate goal is to represent all of the R-R fluxes as well, and this is a really fascinating future
problem. If it is carried out, the on-shell condition of type IIB supergravity can be checked
directly for general classical r-matrices and one can test the conjecture of the gravity/CYBE
correspondence.
Then we have explicitly performed supercoset construction for some classical r-matrices
satisfying the homogeneous CYBE. For abelian classical r-matrices, perfect agreement has
been shown for well-known examples including gravity duals of non-commutative gauge
theories, γ-deformations of S5 and Schro¨dinger spacetimes. Remarkably, the supercoset con-
struction works well, even if the resulting backgrounds are not maximally supersymmetric.
In particular, three-parameter γ-deformations of S5 and Schro¨dinger spacetimes do not pre-
serve any supersymmetries. For non-abelian r-matrices, we have concentrated on a specific
example. The resulting background does not satisfy the equation of motion of the NS-NS
two-form because the Ramond-Ramond three-form is not closed. Thus, at least so far, it
seems likely that there would be no problem for abelian classical r-matrices, while there
are some potential problems in the non-abelian cases. We will report on results on other
examples of abelian and non-abelian classical r-matrices in the near future [39].
There are many open problems. The Yang-Baxter deformation has diverse applicability.
For example, it can be applied to the AdS5 × T 1,1 background [40]. In this case, the Green-
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Schwarz string action has not yet been constructed. However, at least for the bosonic sector5,
it has been shown that three-parameter γ-deformations of T 1,1 [23,42] can be reproduced as
Yang-Baxter deformations with abelian classical r-matrices [40]. It is remarkable that the
AdS5×T 1,1 background is not integrable because chaotic string solutions exist [43]. It would
be of significance to construct the AdS5 × T 1,1 superstring action and then investigate its
Yang-Baxter deformations by following the procedure presented here.
It is also interesting to consider a supersymmetric extension of Yang-Baxter deformations
of Minkowski spacetime [41]. As a toy model along this direction, it is easier to study the
Nappi-Witten model [45]. Yang-Baxter invariance of this model has been discussed in [46].
It would be nice to argue its supersymmetric extension by employing the work [47] and
further generalization with general symmetric two-forms [48].
We believe that our supercoset construction could capture the tip of an iceberg, namely
the gravity/CYBE correspondence that denotes a non-trivial relation between type IIB su-
pergravity and the classical Yang-Baxter equation.
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Appendix
A A matrix representation of su(2, 2|4)
We present here a matrix representation of the superalgebra su(2, 2|4). Our notation and
conventions basically follows those utilized in [15].
5The coset structure of T 1,1 is a little intricate, so even the analysis on the undeformed T 1,1 is not trivial.
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A representation of su(2, 2)
It is convenient to introduce the following basis of su(2, 2) ≃ so(2, 4):
su(2, 2) = spanR
{
γµ , γ5 , nµν =
1
4
[γµ , γν] , nµ5 =
1
4
[γµ , γ5] | µ, ν = 0, 1, 2, 3
}
. (A.1)
Here, γµ are gamma matrices satisfying the Dirac algebra:
{γµ , γν} = 2ηµν , (A.2)
where ηµν is the four-dimensional Minkowski metric with mostly plus. It is convenient to
adopt the following matrix realizations of the γµ:
γ1 =

0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0
 , γ2 =

0 0 0 i
0 0 i 0
0 −i 0 0
−i 0 0 0
 , γ3 =

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
 ,
γ0 = −iγ4 =

0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0
 , γ5 = iγ1γ2γ3γ0 =

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1
 . (A.3)
A conformal basis
It is also helpful to use the conformal basis:
so(2, 4) = spanR{ Pµ , Lµν , D ,Kµ | µ, ν = 0, 1, 2, 3 } . (A.4)
Here, the translation generators Pµ, the Lorentz rotation generators Lµν , the dilatation D,
and the special conformal generators Kµ are represented by, respectively,
Pµ ≡ 1
2
(γµ − 2nµ5) , Lµν ≡ nµν , D ≡ 1
2
γ5 , Kµ ≡ 1
2
(γµ + 2nµ5) . (A.5)
The non-vanishing commutation relations are given by
[Pµ, Kν ] = 2(Lµν + ηµν D ) , [D,Pµ] = Pµ , [D,Kµ] = −Kµ ,
[Pµ, Lνρ] = ηµν Pρ − ηµρ Pν , [Kµ, Lνρ] = ηµν Kρ − ηµρKν ,
[Lµν , Lρσ] = ηµσ Lνρ + ηνρ Lµσ − ηµρ Lνσ − ηνσ Lµρ . (A.6)
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A representation of su(4)
It is easy to see that
nij =
1
4
[γi, γj] (i, j = 1, . . . , 5) (A.7)
generate so(5) by using the Clifford algebra
{γi, γj} = 2δij . (A.8)
Note that so(6) is spanned by the set of the Hermite generators,
so(6) = spanR
{ 1
2
γi , i nij
}
. (A.9)
It is convenient to introduce the Cartan generators of su(4) as follows
h1 ≡ 2i n12 , h2 ≡ 2i n43 , h3 ≡ γ5 . (A.10)
An 8× 8 supermatrix representation
By using the gamma matrices introduced above, let us represent the su(2, 2|4) generators by
8× 8 supermatrices.
It is helpful to introduce the following quantities:
γmˇ ≡ {γ0 , γ1 , γ2 , γ3 , γ5 } , γmˆ ≡ {−γ4 ,−γ1 ,−γ2 ,−γ3 ,−γ5 } . (A.11)
For later convenience, we introduce the following metrics:
ηmˇnˇ = diag(−1, 1, 1, 1, 1) , ηmˆnˆ = diag(1, 1, 1, 1, 1) ,
ηmn =
 ηmˇnˇ 0
0 ηmˆnˆ
 . (A.12)
Then the su(2, 2|4) generators (Pmˇ ,Pmˆ ,Jmˇnˇ ,Jmˆnˆ ,QI) (I = 1, 2) can be represented by
the following 8× 8 supermatrices:
Pmˇ =
−12γmˇ 04
04 04
 , Jmˇnˇ =
+12γmˇnˇ 04
04 04
 (mˇ, nˇ = 0, . . . , 4) ,
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Pmˆ =
 04 04
04 +
i
2
γmˆ
 , Jmˆnˆ =
 04 04
04 +
1
2
γmˆnˆ
 (mˆ, nˆ = 5, . . . , 9) ,
(
Qαˇαˆ
)I
=
 04 mI αˇαˆ
− m¯I αˇαˆ 04
 . (A.13)
Here we have used the following notation,
γmˇnˇ ≡
1
2
[γmˇ,γnˇ] , γmˆnˆ ≡
1
2
[γmˆ,γnˆ] .
and introduced the following quantities,
(mI
αˇαˆ)i
j ≡ e(1−(−1)I )i pi4Kjαˇδαˆi ,
(m¯I
αˇαˆ)i
j ≡ e(1+(−1)I )i pi4K αˆjδαˇi , (A.14)
with the matrix K defined as
K ≡ i γ2 γ0 =

0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0
 . (A.15)
It is helpful to summarize the action of d and d˜ defined in (2.7) and (3.23), respectively:
d(Pm) = d˜(Pm) = 2Pm , d(Jmn) = d˜(Jmn) = 0 , d(Q
I) = −d˜(QI) = σIJ3 QJ . (A.16)
Supertrace formulae
When the Lagrangian is evaluated, the following supertrace formulae are useful:
Str [PmPn ] = ηmn ,
Str [JmˇnˇJpˇqˇ ] = −(ηmˇpˇηnˇqˇ − ηmˇqˇηnˇpˇ) ,
Str [JmˆnˆJpˆqˆ ] = +(ηmˆpˆηnˆqˆ − ηmˆqˆηnˆpˆ) ,
Str
[
(Qαˇαˆ)I(Qβˇβˆ)J
]
= −2ǫIJK αˇβˇK αˆβˆ . (A.17)
A lift up to the 16× 16 matrix representation
Here let us consider a lift up of the 8 × 8 matrix representation to the 16 × 16 one that
appears in the su(2, 2|4) superalgebra (3.1) .
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The 16× 16 gamma matrices γm in the superalgebra (3.1) can be realized as follows:
γm = (γmˇ, γmˆ) (m = 0, . . . , 9) , (A.18)
where γmˇ and γmˆ are constructed as a tensor product with 14 like
γmˇ ≡ γmˇ ⊗ 14 , γmˆ ≡ 14 ⊗ iγmˆ . (A.19)
More explicitly, the index structure can be displayed as
(γm)
βˇβˆ
αˇαˆ =
(
(γmˇ)
βˇβˆ
αˇαˆ , (γmˆ)
βˇβˆ
αˇαˆ
)
,
(γmˇ)
βˇβˆ
αˇαˆ = (γmˇ)
βˇ
αˇ ⊗ (14) βˆαˆ , (γmˆ) βˇβˆαˇαˆ = (14) βˇαˇ ⊗ i (γmˆ) βˆαˆ . (A.20)
Then the gamma matrices γm act on the spinor θI = (θαˇαˆ)I like
γmθI = (γm)
βˇβˆ
αˇαˆ
(
θβˇβˆ
)
I
. (A.21)
A lift up to the 32× 32 matrix representation
In Sect. 3, it is necessary to rewrite the deformed Lagrangian in terms of ten-dimensional
32×32 gamma matrices Γ in order to read off the component fields of type IIB supergravity.
Hence we introduce a concise rule to switch from the 16× 16 notation to the 32× 32 one.
Let us first define the following rules:
Θ¯IΓmΘJ ≡ θ¯IγmθJ ,
Θ¯IΓmΓnpΘJ ≡ θ¯IγmγnpθJ . (A.22)
Here we have defined γmn as
γmˇnˇ ≡ γmˇnˇ ⊗ 14 ,
γmˇnˆ ≡ γmˇ ⊗ iγnˆ ,
γmˆnˆ ≡ 14 ⊗ γmˆnˆ . (A.23)
Then the other combinations of gamma matrices are automatically lifted up as follows:
θ¯I γm γn θJ = Θ¯I Γm Γ01234 ΓnΘJ ,
θ¯I γmn θJ = Θ¯I Γ01234 ΓmnΘ ,
θ¯I γmn γp θJ = Θ¯I Γ01234 Γmn Γ01234 ΓpΘJ ,
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θ¯I γmn γpq θJ = Θ¯I Γ01234 Γmn ΓpqΘJ . (A.24)
Note here that the right-hand side of (A.24) contains the factor Γ01234, which is evaluated as
Γ01234 =
1
5!
Γ[0 · · ·Γ4] = σ1 ⊗ 14 ⊗ 14 .
The insertion of this factor is necessary for an appropriate lift-up. For the detail of the
lift-up, see, for example, [49].
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